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是独立同分布随机元，g 是一个可测函数, 使得
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是一个有定义的随机变量。
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 是一个平稳causal 过程. 它代表了一大类过程, 包括线性过程和各种非线性过程. 通常有两种方法处理 (1) 中的 causal 过程. 第一种是先验证
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 满足各种混合条件. 在适当的条件下, 我们可能证明
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 满足
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-混合性或
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-混合性等(对于线性过程, 见Chanda (1974); 对于GARCH 过程见Basrak 等(2002)). 然后利用一些已有的关于混合随机变量的定理, 在各种关于
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 的统计推断中, 可以得到许多极限定理. 然而一般来说混
合系数的计算是不容易的。此外, 许多过程都不是
[image: image9.wmf]a

-混合的。处理 (1) 中的
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的另一种方法就是鞅逼近. 鞅逼近方法是非常有效的, 并且常常在文献中被采用. 这种方法的直观描述就是用鞅差来逼近
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. 鞅方法最先在Gordin (1969), Gordin 和Lifsic (1978) 中被应用, 此后经历了很大的改进. 在极限理论和统计推断中, 鞅方法通常可以导出非常漂亮且有用的定理。 然而, 一些通过鞅方法获得的结果并不是最优的, 比如强不变原理的收敛速度. 实际上, 用鞅嵌入方法来获得强不变原理的最优速度存在着本质的困难. 另外, 如果我们考虑的极限定理的证明非常依赖于独立性(比方说, 高斯逼近), 鞅方法可能不是一个最好的选择。
  为了克服上面提到的困难, 我们将介绍另外一种方法 ( m 相依逼近) 来处理定义于 (1) 中的平稳过程
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 来逼近
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以及用
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来逼近
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    在第一章中，我们证明了关于相依随机变量部分和
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的强不变原理。强不变原理是非常有用的. 尤其在涉及到统计推断的问题中, 它往往起到非常重要的作用. 鞅嵌入方法通常被采用来处理这类 causal 过程的强逼近的问题；如 Wu (2007), Ann. Probab。然而用鞅逼近方法所得到的结果很多时候并不是最优的。假设
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满足 (1), 在
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，以及其他一些关于
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的相依性条件下，Wu (2007) 证明了
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。利用m 相依逼近, 我们证明在一定条件下，速度
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可以被改进为最优速度
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。 同时我们也将本章的结果与一些已有的定理 (如Aue 等(2006) Bernoulli, Wu (2007)) 进行了比较, 并对它们进行了改进, 减弱了它们所需要的矩条件或者相依性条件. 此外我们还把主要结果应用到一些特殊的时间序列上, 例如线性过程的泛函, GARCH 过程, 广义随机系数自回归模型等等. 对于这些过程, 我们得到了强逼近的最优速度, 并且获得最优速度的条件在某种程度上来说是最优的. 本章的内容发表于<<Stochastic Processes and their Applications>>。
   在第二章中, 我们证明了定义于 (1) 的
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 的周期图最大值的极限定理. 设
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它是随机变量
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的周期图。周期图是时间序列谱分析的基础. 在关于时间序列周期成分的统计推断中, 周期图的渐近性质发挥了很大的作用 (可参考Fan 和 Yao (2003))。定义周期图的最大值
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是谱密度。统计量
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有着许多的实际应用，比如可以用它来检验基因表达的时间序列中的周期现象。运用 m 相依逼近，我们证明了
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，其中G 服从标准的Gumbel 分布。我们的结果改进了 Davis 和 Mikosch (1999), Ann. Probab 的一些关于独立随机变量和线性过程周期图最大值的结果，并解决了他们的一个猜想。同时还将他们的定理推广到了一大类非线性模型上 (如 GARCH 模型)。在证明过程中，我们利用 m 相依逼近克服了从线性过程到非线性过程中所遇到的困难。本章内容发表于<<The Annals of Statistics>>。
  第三章研究了平稳过程的谱密度估计的渐近性质。谱密度估计在谱理论里是一个非常重要的问题, 并且已经存在着大量的研究(可参考Fan 和 Yao (2003)). 然而先前的一些结果通常需要严格的条件。设
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是一个偶函数，
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为了建立
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的渐近正态性, Brillinger (1969) 假设
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 的所有阶矩都存在, 并且所有阶累积量是可加的。 Anderson (1971) 考虑了线性过程。Rosenblatt (1984)考虑了强混合过程, 同时他假设8 阶累积量的和是有限的. 对于非线性时间序列, 关于谱密度估计的渐近性质的研究并不多。本章的研究表明 m 相依逼近是处理这类问题的一个非常有效的方法。事实上，利用 m 相依逼近，在非常弱的条件下，我们证明了谱密度估计的渐近相合性和渐近正态性，并给出了最大偏差的极限分布。我们的结果推广并改进了一些前人的结果。比如将Woodroofe 和Van Ness (1967). Ann.Math.Stat.关于谱密度估计最大偏差的极限分布结果推广到了非线性时间序列上 (很明显，这一推广是非常有必要的。然而在过去的40年时间里， 几乎没有出现过这方面的任何结果)。同时在一定条件下我们还解决了 Rosenblatt (1985), Shao 和 Wu (2007), Ann. Stat. 所提出的一些公开问题。本章的内容即将发表于<<Econometric Theory>>。
  第四章研究了高维数据的独立性检验问题。设
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维总体, 其相关系数矩阵记为 R。设
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，Jiang (2004), Ann.Appl.Probab. 提出了用样本相关系数矩阵非对角元的最大值
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作为统计量，其中
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是样本相关系数。在
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的条件下，Jiang（2004）证明了该统计量收敛于极值 I 型分布。我们证明了Jiang（2004）的统计量的依分布收敛的速度是很慢的 (对数阶)。为了提高依分布收敛的速度，我们修改了该统计量
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，并证明了修改后的统计量也收敛于极值 I 型分布，但收敛速度可以达到
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，从而极大地提高了收敛速度。同时我们还减弱了Jiang (2004), Zhou (2008), Trans.Amer.Math.Soc 所要求的矩条件。不仅如此，我们还在论文总结三中指出了我们所得到的矩条件是充分必要的，也即是最优的。本章内容以及论文总结三中的结果分别发表和即将发表于<<The Annals of Applied Probability>>  和 <<Probability Theory and Related Fields>>。

第五章研究了独立随机变量的重对数率。在第一节，我们将 Einmahl 和 Li (2008), Trans.Amer.Math.Soc 中的结果推广到了独立(不必同分布) Banach 空间值随机变量的情形。同时，我们用这一结果来研究 Hilbert 型自回归过程经验协方差算子的重对数率。从而推广了Menneteau (2005), J. Mul. Anal 的一些结果。第二节证明了方差不存在时多指标部分和的重对数率。事实上，我们证明了对于多指标部分和，如果方差不存在，那么对于一大类正则化序列，重对数率将不存在。本章内容发表于<< Science in China Series A: Mathematics>> 和 <<Electronic Communications in Probability>>。




关键词：  平稳过程, 强不变原理, 周期图, 谱密度, 样本相关系数矩阵, Berry-Esseen 界, m 相依逼近, 重对数律
Limit Properties for a Class of Stationary Processes 

Liu Weidong
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is a well-defined random variable. 
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is a stationary causal process. It includes a wide class of processes, including linear process and nonlinear processes. There are some familiar ways to deal with such causal processes. The first one is to verify various mixing properties on 
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satisfies 
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-mixing or 
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-mixing (see Chanda (1974) for linear processes and Basrak etc (2002) for GARCH processes). Then, with the help of the proved theorems for mixing random variables, many limit theorems can be achieved in the statistical inference based on 
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. The well-known shortcoming of this way is, the calculation of probabilistic dependence measures (i.e. the mixing coefficient) is generally not easy. Additionally, many well-known processes are not-
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-mixing. Another way on the causal processes is the martingale approximation. This method is very effective and used in many literature. The intuitionistic description of the martingale approximation is approximating 
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 to the martingale difference. The martingale method was first applied in Gordin (1969) and Gordin and Lifsic (1978) and it has undergone substantial improvements. The martingale method would usually lead to beautiful results in limit theorem and statistical inference. However, some results, such as the rates of strong invariance principle, obtained by the martingale method are not optimal. In fact, there are essential difficulties to get the optimal rates for strong invariance principles based on the martingale

embedding method.
   In order to overcome those difficulties we refer in the above, we introduce a new method (m-dependent approximation) to deal with 
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    In the first chapter, we proved strong invariance principle for the partial sum 
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 of dependent random variables. The strong invariance principles are quite useful and have received considerable attention in probability theory. It plays an important role in statistical inference. Martingale embedding method is often used to deal with such problem, for example, Wu (2007). However, results obtained by martingale embedding method are usually not optimal. Suppose 
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. Using m-dependence approximation, we proved that，the rate 
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. Also, we improved some previous results in, for example, Aue etc (2006) Bernoulli, Wu (2007). The moment conditions and dependence assumptions in their papers are weakended. Additionlly,we apply our results to nonlinear time series models, such as GARCH model, RCA model and so on. For these models, the rates of strong invariance principle are optimal. The main content in this chapter was published in <<Stochastic Processes and their Applications>>。
   In the second chapter, we obtained some asymptotic properties of the maximum of periodograms of 
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It is the periodogram of 
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. Periodogram is a foundational tool in spectral analysis in time series; see Fan and Yao (2003). Define the maximum of periodograms   
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 is the spectral density. 
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 has many practical applications. For example, it can be used to detect the periodic pattern in gene expressed time series. Using m dependence approximation，we proved that
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，where G obeys the standard Gumbel distribution. Our results improve the results by Davis and Mikosch (1999), Ann. Probab, wherein, they considered the cases of i.i.d. random variables and linear process. We also solved a conjecture by Davis and Mikosch (1999) and extent their results to a wide class of  nonlinear processes; such GARCH model. The main content in this chapter was published in <<The Annals of Statistics>>.
    In the third chapter, we obtained some asymptotic properties of the spectral density estimations for stationary processes. Spectral density estimation is an important problem and there is a rich literature; see Fan and Yao (2003). However, restrictive structural conditions have been imposed in many earlier results. Let 
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For establishing the asymptotic normality on
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,  Brillinger (1969) assumed that all moments exists and cumulants of all orders are summable. Anderson (1971) dealt with linear

processes. Rosenblatt (1984) considered strong mixing processes and assumed the summability condition of cumulants up to eighth order. It seems that a systematic asymptotic spectral theory for nonlinear processes is lacking. Using m dependence approximation and under natural and easily verifiable conditions, we obtain consistency and asymptotic normality of spectral density estimates. Asymptotic distribution of maximum deviations of spectral density estimates was also derived. Some previous results were improved by us. We also extent the results on the maximum deviation of spectral density estimation in Woodroofe  and Van Ness (1967). Ann.Math.Stat. to a wide class of nonlinear processes. We also solved some open problems posed by Rosenblatt (1985) and Shao and Wu (2007), Ann. Stat. The main content will appear in <<Econometric Theory>>.
 In the fourth chapter, we considered independence testing in high dimensional random vector. Let
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 is the sample correlation coefficient. Under the condition 
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，Jiang（2004） proved that this statistics converges to the extreme distribution of type I. We showed that the convergence rate in distribution of the statistics in Jiang（2004）is extremely slow (be of the order of log n). To improve the convergence rate, we modified 
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 and showed that the modified statistic still converges to the extreme distribution of type I. However, the new convergence rate can be of the order of 
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, which improves the rate substantially. We also weakended the moment conditions in Jiang (2004) and Zhou (2008), Trans.Amer.Math.Soc. Moreover, we pointed out that our moment condition is optimal. The main results in this chapter were published in <<The Annals of Applied Probability>>  and  <<Probability Theory and Related Fields>>.
In the fifth chapter, we studied the law of integrated logarithm for independent random variables . In the first section，we extent the results by Einmahl and Li (2008), Trans.Amer.Math.Soc to independent Banach valued random variables. We also applied our result to obtain the law of integrated logarithm for covariance operator of  Hilbert AR process. The result in Menneteau (2005), J. Mul. Anal was extent. In the second section, we considered the LIL when the variance is infinite. In fact, for multidimensional indices, if the variance is infinite, then there is no LIL for a large class of normalizing sequences. The main results in this chapter were published in << Science in China Series A: Mathematics>> and <<Electronic Communications in Probability>>.
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